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1. INTRODUCTION

Let / be a continuous function on [0,27] and L,(f) be the tri-
gonometric Lagrange interpolation polynomial on equidistant nodes in
[0, 2m). A classical theorem of Marcinkiewicz and Zygmund [9, Vol II,
p. 307 shows that L, (f) converges of f in L7, 1 < p < oo, and

IL,(f)— fl,<const E,,(f)m<constw<f;}1> ,

o

where E,(f). is the error of the best approximation by trigonometric
polynomials of degree » in uniform norm, and w(f; ). is the modulus of
continuity of f. Recently, similar results have been proved for the mean
convergence of (0, m,, .., m,) interpolation by trigonometric polynomials
in [8]. For interpolation we do not really need continuity of the under-
lying function f. The interpolatory polynomial and the L” error are well-
defined already for bounded measurable functions f on [0, 27x]. To get L*
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convergence of the Lagrange interpolation it is sufficient to assume
Riemann integrability of f, which can be found already in the book of
Zygmund [9, Chap. 10.7]. The purpose of this note is to obtain the order
of convergence of L,(f) and, more generally, (0, m,, ..., m,) interpolation
in L? norm for bounded measurable functions f. Since the interpolating
polynomials are based on the point values of f, it is unrealistic to expect
that the order be given by either E,(f), or w(f; 1/n),. Our order of con-
vergence is given in terms of the error of the best one-sided approximation
or in terms of the t-modulus. However, if fis a smooth function, then we
can give the order in terms of E, (f),. A typical example of the results is

\L,f—fll,<constn 'E,(f),, 1< p<oco,
P V4

provided f is an absolutely continuous function and f’e L*. For Lagrange
interpolation, the above question has been dealt with by V. H. Hristov (see,
e.g, [2]). The case of Jackson polynomials, ie., the simplest case of
Hermite-Fejér conditions, was treated by V. A. Popov and J. Szabados
[4]. Our method is simpler and applies to the general (m,, .., m,) cases.

In Section 2, we introduce notations and the known results that are
required. The case of the L” norms, 1 < p< oo, is presented in Section 3.
Here the Marcinkiewicz-Zygmund inequalities as proved in [5, 8] are the
essential tools for the proof The case p=1 is of somewhat different
character and is discussed in Section 4.

2. PRELIMINARIES

We need the following two classes of trigonometric polynomials: ,, and
T (=0 or 1). A trigonometric polynomial T belongs to 7,,, if

M
T(0)=ay+ Y. (a,coskd+b,sin k@),
k=1
and T belongs to 7, if
M—1

TO)=ay, Y, (a,coskbd+ b, sin ko)

k=1

+aMcos(M0+£27E>, e=0orl.

If0<m, < --- <m, are distinct integers, let £, and O, denote the number
of even and odd integers in (m,, m,, ..., m,), respectively. It is known [1]
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that the problem of interpolation by 7(f) on the nodes 2kn/n,
0<k<n—1, is regular for the case of (0, m,, .., m,) interpolation only in
the following situations:
I n=2m+1,9g=2r,E,—0,=0,TeFy,, M=nr+m,
(Ila) n=2m+1,q=2r+LE,—O0,=1,T€eJ 9. M=nr+n,
(Ilb) n=2m+1,g=2r+1,E,—O,=—-1,T€Jy,, M=nr+n,
(L) n=2m,q=2r,E,—0,=0,T€e 0, M=nr+m,
(IV) n=2mg=2r+ 1L, E -0,=—-1,TeTy,M=nr+n.
Let B be the class of 2n-periodic functions that are bounded and
measurable on [0, 2z]. For given n, g, and fe B we consider the inter-

polating operator F,f=F, m, _ m) €T or Ty, (according to the
conditions I-IV), which is uniquely defined by

Fn(f, Gkn)=f(9kn)’ OSkSn— 1’
FOf:0)=0, j=m,my,..,m, 0<k<n—1,

where 0,,=2kn/n, 0<k<n—1. If f"")e B, we also consider the inter-
polating polynomial H, f = H, (m,. .. m, /., which is defined similarly as F, f
but satisfies

ey

H(f;00)=fPOkn),  j=0,my,..ym,, 0<k<n—1.

In [5, 8], it is proved that F,f and H, f converge in L” norm in the
cases I, IIb, II1, or IV, while the result in [3] pointed out that the con-
vergence fails for the case Ila. Therefore, from now on we shall always
assume that (0, m,, .., m ) satisfies one of the conditions I, IIb, IIL, or IV.

Let L?, 1< p<oo be the space of 2n-periodic functions for which
11 ,=(fa" | f(x)|? dx)"”? < o0, and C be the space of continuous 2n-periodic
functions equipped with the uniform norm | f| , =maxg ¢« <2, | f(x)|. For
felLf, 1< p< oo, or feC, we denote as usual the best approximation by
trigonometric polynomials in 7, by E, (f),, and the kth order L7 modulus
by w,(f; t),. The following theorem is proved in [5, 8].

THEOREM A. If fe C, then

1
IS~ flyseo(fin) o 1<p<e,

o)

and if f" e C, then

”an_f“pgcpn—qun(f(mq))oo’ 1<p<w
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In this theorem and throughout the rest of the paper the symbol ¢,
means a positive constant depending only on p and sometimes on the
order of derivatives {m,, .., m,} or the order of r-modulus, and ¢ means an
absolute constant. Their values may be different from line to line.

The proof of this theorem is based on the Marcinkiewicz-Zygmund
inequality, which is also essential for our discussion in the case 1 < p< cc.
We list it as

LEMMA 2.1. Let Te J,, or Ty, according to the case considered. Then
(my=0)

q n—1 1/p
||T||,,<c,,{2 > |T“"f’(9kn)r"/nﬂ'"f“} , l<p<oo.

j=0 k=0

We also need the following counterpart of Lemma 2.1 [8, Lemma 3;
9, Vol. 11, p. 29].

LEMMA 22, Let 1< p<oo, and let n>0, r 20 be given integers. Then
for any trigonometric polynomial T in 7,,

lnfl 1 %7
(— T iT(Bkn)l”> <e IT1,.
n, "o

To describe the order of convergence for fe B with respect to the L?
norm, we need the best one-sided approximation of f by means of
trigonometric polynomials in 4,, which is defined by

E.(f),=inf{lP—Ql,: P, Qe 7,, Q(x)< f(x) < P(x), Vx}.

This quantity can be characterized by the averaged modulus of smoothness
7.(f;6),. Let w,(f, x, §) be the local modulus of smoothness of order k
at x

welf, x, 8)=sup{ |45 f(0)] 11, t + khe [x — kd/2, x +k3/21},
where 4% f(¢) is the kth difference with step 4 at ¢. Then
T (f50),=llok(f, - )l -

For the general properties of these quantities, we refer to the survey in [6].
Let W? be the class of 2n-periodic functions defined by

We={f| £V is absolutely continuous and f®e L*}.
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We need the following

LeMMA 2.3. If fe W7, then [6, p. 184]

2n

En)p S EalS ) (1)

and [6, p. 15]
Tk(f;é)p<C6wk—l(f’;5)p9 k>2)5>0
If feL?, then [6,p. 169]

- 1
En(f)psck?"k (f’E) ] n>ka
P

and [6, p. 14]
wk(f;a)pgtk(f;é)p’ 6>0.

3. RESULTS FOR p > 1

THEOREM 3.1. Let n>1 and fe€ B. Then

VEnf—1ll,<¢, [En(f),wml (f; }1) ] l<p<w. ()

Proof. Let T,e 7, be the best trigonometric polynomial approximation
to /. Then

W =F fl,<If =Tl , + 1 To = Fu Toll p + 1 E (S = Tl -

The first term on the right-hand side is just E,(f),. According to a
theorem in [7, Chap. 4.8.61],

1
T, <o, (fi7)
h P
where we note that the constant ¢, depends also on r. Therefore, by
Lemmas 2.1 and 2.2 the second term is bounded by

g n—1 1/p
lIT,,—F,.TnII,,Scp(Z ) ITf."’f’(Gk,,)l"/n”'""’)
j=1 k=0
1

q

— (m;)

< CP _Zl n" ” T"mj ”P
j=

1
< cpwml (fs ;) H
P
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since w, . (f; ), <2w,(f; 5) To estimate the third term, let E,(f),

1P, — Q. where P, 0,7, and Q,(x)< f(x)< P,(x) for all x. Then by
Lemma 2.1, Minkowski’s mequallty, and Lemma 2.2,

i/p
VE,(f =TI, < ( z f(B) — e,m)v)
— 1p
<[ (2 17,0~ 0,01

n—1 1/p
(' T 10(61,) - Tn(ek,,)lf’) ]

SCP[HPII_Q)I“p-*_ “Qn_ Tnup]
SGLE, () +1Q0=Fllo+ 1/ = Tall,]
<¢,2E, (1), + E,(f),)-

Putting all these estimates together, and using Jackson’s theorem

1
E\(f),<c,o, <f; —) el
n ¥4

completes the proof. ||

In general, we cannot replace E,,(f),, by w(f; 1/n), in (2). However, the
following corollary is true.

CoROLLARY 3.2. Let fe W? and m, > 1. Then

1
IFuf = flaSeonon 1 (£57) . 1<p<.
4

The proof of this corollary follows easily from Theorem 3.1 and
Lemma 2.3. For the operator H, f we have

THEOREM 33. Letn>1,¢>0, and f*'e B, s=m,. Then

IH,f = [, <c,n™°E,(f*),. (3)

Proof. Since H,f preserves trigonometric polynomials in J,, or 4,
according to the case I-1V, we have

[Hof =l <Uf = Tall, + 1Ho(f = T s
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where T, € 7, is the best trigonometric polynomial approximation to f. Let
@.; and P, ; be the polynomials in Z,, such that

En (f(mj))p = “Pn,j - Qn,j “p and Qn,j(x) gf(’"l)(x) < Pn,j (x) fOI' all x’

0<j<gq. Then by Lemmas 2.1 and 2.2

9 n—1 y
|HAf-T),<c, ( Y Y S Oh) = TI(0,,)) P[P 1)
ji=0 k=0
q n—1 g
<c, [(Z Z |Pn,j (ek’l)_Qn’j(Bk")lp/npmj_Fl)
j=0 k=0
q n—1 y
+(Z 2 ‘Q"'f“’kn’—TL'""(ek,.W/n”""“) ]
j=0 k=0

q q
<c,,[z 1Py = Ol 4 S ||Q,,,,-—TL'"f’n,,/n'"f}
j=0 =0

J
q ~ q9
<c, [2 S E,(f™), i+ Y E, (f""f’),,/n’"l],
j=0 =0
where the last step follows from the inequality

1 ;=T < U@y = f N o+ If ™ =T,
SE,(f")p+ C, E,(f),.

Using (1) and the inequality E,(f),<c,n™'E,(f"), repeatedly, we get
VH (=TI, <e, [E,.(f‘"‘“),, +E, (f"”"’),J /n'”",
<c,n°E,(f),. 1
CoRrOLLARY 34. Letn=1,q920,and fe W’ ,, s=m,. Then

IH,f~flp<e,n*T'E (fC7)),,  l<p<o.

This corollary follows from (1) in Lemma 2.3. In particular, for
Lagrange interpolation we have

COROLLARY 35. Let n>1, fe Wi. Then

“Lnf_f“pscpn—lEM-l(f,)p’ 1<p<w



120 PRESTIN AND XU

If " is a function of bounded variation (/e BV), then it is known
that [6, p. 10]

o(f17:6), <3V,

where V() is the variation of £ on [0, 2n]. Thus from Lemma 2.3 we
get

COROLLARY 3.6. Let nz1 and f'e BV, s=0. Then
I, f = fll,=O(n=mintm- s+ 1iek) g oo,
and for s=zm,

1Hf =1, <con™ =V (f©).

4. RESULTS FOR p=1

We now consider the L' norm estimate. The Marcinkiewicz-Zygmund
inequality in the form of Lemma 2.1 is no longer available in this case,
although there are some alternative forms for the Lagrange interpolation
(see [9, Vol. II, p. 33]).

The L' norm estimate is related to the error of quadrature formulas. Let
Z,(f) be the quadrature formula obtained by integrating L,(f; x) over
[0, 2n]. Then the error

eathi=|[ s 00| =7 - Lt s

can be bounded by 1(f; 1/n),. For this and the related discussion, we refer
to [6, Sect. 3.4, p.60]. An estimate by z(f; 1/n), for |f—L,fll, would
imply the estimate for |e,(f)]. However, it is not likely that such an
estimate for || f — L, f, is possible. In general, for (0, m,, .., m ) interpola-
tion one can get L' norm estimate in the form of (2) or (3) only with an
additional log n factor. However, for L, f such an estimate yields an order

log nEn(f)l >

which is clearly too rough. Therefore, we do not pursue the estimate in this
direction. Instead, we consider an alternative of L, f, namely

Lt =omulLafh v=|5 ], @)
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where o, ,f arte the de la Vallée Poussin means of the Fourier sum
operator S,, f; ie.,

am.vf=—1_ i Skf

v_*_1k=m7v

(see [9, p. 16]). Here we restrict ourselves to the case I with g=r=0,
n=2m+1=2M+ 1. For p> 1, the L” norm estimate of ¢, , f — f follows
readily from the results in Section 3. To estimate the L' norm, we need

LeMMA 4.1. Let Te Z,,. Then

1 n—1
uam,vrul<c(— T rrw,m)l).
L

Proof. Since v=[m/2], it follows from [9, Vol. I, p. 115] that |o,, .| .
is uniformly bounded. Thus we can prove this inequality by modifying the
method in [9, Vol.II, p. 29]. We take a function g such that

2
om Tl =] @, T) g, lglo=1.

Since

[ (Sef)gde=[ (Se/NSeg)dx=[ f(Seg)dx
0 0 (1]

we have

2n 2n
0m, T = " (@muT)gdx=] " T(o,,8)dx

n—1

1
= ; Z T(okn)(o-m,v g)(gkn)

k=0

1 n—1
<lomllo -l (5 3 17061

k=0

<c(%"z lrwkn)l)- i

k=0

THEOREM 4.2. Let f'e B. Then for v=[m/2]

WLy f=Fy S (B o ()i + Eu(S),):
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Proof. Let T,ed, _, satisfy E,,_,(f);=f— T,|,- Since it follows
from the definition of o, ,f that ¢, ,7,=7,, we also have L, T,=
Om L, T,=0, ,T,=T,. Therefore

HLn,vf_fnl < Emf\'(f)l + nLn,v(f_ Tv)”l‘
By (4) and Lemma 4.1 we have

“Ln,v(f_ Tv)”l = ”Gm.an(f_ Tv)”l

]n—fl
<c<— v |f<0k,,)—Tv(6k,,)|).
.o

k=

The rest of the proof follows exactly as in the proof of Theorem 3.1. |
COROLLARY 4.3, Let n=1 and fe BV. Then
”anf_fnl SCn>1V(f).

It is not clear if one can use o, , for the general (0,m,, .., m,)
interpolation.
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